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For a given graph G of order n with m edges, and a real
symmetric matrix associated to the graph, M (G) € R™*n,
the interlacing graph reduction problem is to find a graph
Gr of order r < n such that the eigenvalues of M (G,)
interlace the eigenvalues of M (G). Graph contractions over
partitions of the vertices are widely used as a combinatorial
graph reduction tool. In this study, we derive a graph
reduction interlacing theorem based on subspace mappings
and the minmax theory. We then define a class of edge-
matching graph contractions and show how two types of
edge-matching contractions provide Laplacian and normalized
Laplacian interlacing. An O (mn) algorithm is provided for
finding a normalized Laplacian interlacing contraction and
an O (n? + nm) algorithm is provided for finding a Laplacian
interlacing contraction.
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1. Introduction

The effect of combinatorial operations on graph spectra is an evolving branch of graph

theory, linking together combinatorial graph theory with the spectral analysis of the al-
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gebraic structures of graphs. In general, there is an interest to understand how certain
graph reduction operations relate to spectral and combinatorial properties. Of particu-
lar interest are reductions that satisfy an interlacing property between algebraic graph
representations. Interlacing properties of algebraic structures of graphs have been shown
to have combinatorial interpretations. Haemers used the adjacency and Laplacian ma-
trix interlacing to provide combinatorical results on the chromatic number and spectral
bounds [1]. The neighborhood reassignment operation has been shown to provide an
interlacing of the normalized Laplacian [2], and Chen et al. provide an interlacing result
on contracted normalized Laplacians [3].

Partitioning the vertices of a graph is a combinatorial operation extensively studied in
graph theory in the context of graph clustering [4] and network communities [5], and for
spectral clustering methods [6]. Partitioning combined with node and edge contractions
along those partitions lead to reduced order graphs. In this direction, we define edge-
matching contractions as a class of graph contractions with a one-to-one correspondence
of a subset of edges in the full order graph to those in the contracted graph. We then
explore two types of edge-matching contractions, cycle invariant contractions and node-
removal equivalent contractions. Cycle-invariant contractions preserve the cycle structure
of the graph in the contracted graph, and node-removal equivalent contractions are
cases where a contraction can be obtained also from a node-removal operation. We
show how contraction of these types lead to interlacing of the normalized-Laplacian and
Laplacian graph matrices. Two algorithms of complexity O (mn) and O (n2 + nm) are
then provided for finding, if they exist, a cycle-invariant contraction and a node-removal
equivalent contraction respectively for a given graph with n vertices and m edges.

The remaining sections of this paper are as follows. In Section 2, the interlacing graph
reduction problem is presented and an interlacing graph reduction theorem is derived.
In Section 3 we formulate the graph contraction operation for simple undirected graphs,
and introduce the class of edge-matching graph contractions and two sub-classes of cycle-
invariant and node-removal equivalent graph contractions. In Section 4, the interlacing
graph reduction problem is solved for these two classes for the Laplacian and normalized-
Laplacian matrices, and Section 5 provides case studies of the interlacing methods.

Preliminaries The integer set {1,...,n} is denoted as [1,n]. An undirected graph G =
(V, &) consists of a vertex set V(G), and an edge set £(G) = {e1,...,€¢} with e €
V2. The order of the graph is the number of vertices [V (G)|. Two nodes u,v € V(G)
are adjacent if they are the endpoints of an edge, and we denote this by u ~ v. The
neighborhood N, (G) is the set of all nodes adjacent to v in G. The degree of a node v,
denoted d,, (G), is the number of nodes adjacent to it, d, (G) = |V, (G)|. A path in a graph
is a sequence of distinct adjacent nodes. A simple cycle is a path with an additional edge
such that the first and last vertices are repeated. A graph G is connected if we can find a
path between any pair of nodes. A simple graph does not include self-loops or duplicate
edges. A multi-graph is a graph that may include duplicate edges. We denote G\Vg as
the graph obtained from G by removing all nodes v € Vg C V from V (G) and removing
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all edges in € (G) adjacent to v. We denote G\ER as a graph obtained from G by removing
all edges € € Ei from &€ (G). A subgraph Gs = (Vs,Es) of a graph G = (V, ), denoted
as Gg C G, is any graph such that Vg C V and £ C €N Vg. An induced subgraph
G [Vs] is a subgraph Gg C G such that £ = &g N V2. An induced subgraph G [Vs] is a
connected component of G if it is connected and no node in Vg is adjacent to a node in
V (G)\Vs. The set T (G) denotes the set of all spanning trees of a connected graph G.
For T € T (G), the co-tree graph G\E (T) is denoted as C (T) [7].

2. Interlacing graph reductions

Graph matrices are algebraic representations of graphs, and the spectral and algebraic
properties of these matrices can provide insights about combinatorial properties of the
underlying graph, e.g., Fiedler’s seminal results on the Laplacian algebraic connectiv-
ity [8]. The interlacing property of matrices has been extensively studied with classic
algebraic results such as the Poincare separation theorem [9, p. 119], and matrix com-
binatorial results such as the relation of equitable partitions with tight interlacing [10].
Here we study what types of reduced graphs have interlacing graph matrices.

The spectrum of a real symmetric matrix A € R"™*™ is the set of eigenvalues
{\k (A)};_, where Ay (A) is the kth eigenvalue of A in ascending order. Let A € R™*"
and B € R™ " be real symmetric matrices with 0 < r < n. Then the eigenvalues of
B interlace the eigenvalues of A, denoted B o A, if A (A) < Mg (B) < Ap—ryi (A) for
k =1,2,...,r. The interlacing is tight if A\; (A) = A\, (B) or A\ (B) = Ap—ryk (A) for
k=1,2,...,r. It is straight forward to show that interlacing is a transitive property.

Proposition 1. Let A; € R™*™M Ay, € R™*"2 gnd A € R"™*" be real symmetric
matrices with 0 < ng < no < ny. If A3 < Ay and Ay x Ay, then Az x A;.

Proof. From A3 < Ay and Ay x Ay we have A\ (Az) < A\ (A3) < Ay—nstk (A2) for k =
1,2,...,n3and A (A1) < N (A2) < Apy—npti (A1) for 1 =1,2,...,ny. From | = k we get
Ak (A1) < Ak (Az) < Ai (A3), and from | = no —ng+k we get A\ (A3) < Ay—ngtk (A2) <
Any—ns+k (A1), such that A\; (A1) < A (A3) < Apy—nak (A1) for E=1,2,...,ng and we
obtain that A3 o A;. O

The most commonly studied matrices in algebraic graph theory are the adjacency
matriz A(G) € RVXWI the Laplacian matriz L(G) € RIVI*XIVI and the normalized
Laplacian matriz £(G) € RIVIXIVI all of which are real symmetric matrices. They are
defined below, where each row and column is indexed by a vertex in the graph G [7],

1L, u~wv

(Ao = {

dy (G),u=v
[L(G)]uww = -1 u~w )
0, otherwise

0, otherwise ’
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and
1, U =v
-1
@ =1 = (V& (@4, @) u~v
0, otherwise

We now extend the notion of spectral interlacing properties to graphs.

Definition 1 (interlacing graphs). Consider two graphs G, and G, of order n and r re-
spectively, with n > r, and let M (G) € R™*" be any real symmetric matrix associated
with the graph G. We say that the two graphs are M-interlacing if M (G,) < M (G,),
and denote the property by G, o G,

A problem arising naturally from the definition of interlacing graphs is the interlacing
graph reduction problem.

Problem 1 (interlacing graph reduction). Consider a graph G, of order n and let M (G) €
R™ "™ be any real symmetric matrix associated with the graph G. Find a graph G, of a
given order r < n such that G, s Gy,.

Finding a solution to Problem 1 may be numerically intractable for a moderate number
of nodes, as the number ¢, of simple connected graphs of order r increases exponentially
according to the recurrence ), (;)kck2(rgk) =r20G) for r > 1 [11, p. 87], e.g., for
r=1,...,6,¢c, =1, 1, 4, 38, 728, 26704.

A powerful tool for proving interlacing results is the Courant-Fischer theorem, e.g.,
that a symmetric matrix and a principle submatrix of that matrix interlace [1], which
leads to an adjacency interlacing theorem for node-removal graph reductions:

Theorem 1 (Adjacency interlacing node-removal). Consider a graph G and a node subset

Vs C V(Q) Then Q\VS x4 G.
Proof. The matrix A (G\Vs) is a principle submatrix of A (G), therefore, G\Vs x4 G. O

Utilizing the Courant-Fischer theorem and the following min max inequalities (Propo-
sition 2) an interlacing graph reduction theorem is derived. We first introduce some
notations to simplify the statement. A k-dimensional subspace of R™ is denoted as
.F,(Lk). For an r-dimensional subspace .FT(LT), the linear mapping Py R"™ — R™ is
) (r)

P r (x) = F,ST x where Fy, 7 € R™ " has columns giving a basis for fy(,r) such that
(r)

reR" —yeFn’.

Theorem 2 (Courant-Fischer [12]). Consider a real symmetric matriz M € R"*", then
for k € [1,n]
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A (M) = max min  R(M,z),

Fln—k+D) pe p(n—k+1)
z#0

and

Ak (M) =min max R(M,z),
FE zeF®
91750

where R (M, x) = IZ%I is the Rayleigh quotient.
Proposition 2. Consider a subspace ]-"r(f) forr < n, and let f(z) : R = R be a real-
valued function that attains a minimum and a mazimum on F\ {0} for any subspace
F C R™. Then the following holds for k € [1,r]:

) max min < max min ( . j)
);w—kw Iefm—kwf( 7) < FroRtD e (- k+1>f P;Tg)( )
n n
#0 :t;éO
X} min max x) > min max ( » (& )
) FOrHR) e F(n- r+k>f( )2 F ie;ﬁmf P;Tp( )
270 Z#£0

Proof. We first prove (i). Let s =n — k + 1. For all F, =) C R,

min f (z) = min min  f(x), min f(z)
T€F) zeF O NFL xeff)\{].-rgs)m]:p}
z#O 93750 20
< min (@),
z€F SO nFL)
z#0
and we obtain that
max min f(z) < max min  f(x). (1)
F) aeF® F aeFOnFD
a:;éO z#0

Since k <r,then s=n—k+1>n—r and
dlm(f ]:(T)ZS—(TL—’I").
Therefore,

max min  f(x)= max min  f(z).
FO 2eFOAFD FE— (=) CE) peFls—(nmm)
z#0 z#0
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For each ]:7(187("4)) C ]—'ff) we can find fr(sf(nfr)) C R" that is mapped to it by

Py (2),

Foroo) = {5 e Rlpy (3) € Fr- =)},

such that
min  f(z)= min f (p]_.m (f)) i
‘,L,E]_—r(Ls—(n—r)) ‘,z,e]_—;s—(n—r)) n
z#£0 40
Maximizing over all ]:,(LS_(”_T)) C J-',(f) we obtain
g
max min Tr) = max min @ (T )
Fle—(n=r) c z(r) we;(s—(n—r))f( ) Fl—(n=r) jeﬂs—(n—r))f(p]’n (@)
- 2#0 Z#0
and
max min Tr) = max min ( o (T ) . 2
.F7(1n7k+1) xefy(lnfwrl)ﬂ]:y) ( ) ]_.7(“7«719+1) iefﬁ**’“rl) f p]"nT ( ) ( )
z#0 T#0

Equation (2) together with (1) completes the proof of (7).
The proof of (ii) is as follows. Let s = n — 7 + k . For all 3 C R™,

max f(z) = max max  f(x), max f(x)
zeFLS) zeF I nF xe;ﬁp\{;ﬁs)m;ﬁm}
x#0 x#0 240
> max f(),
eeFINF
z#0
and
min max f(x)>min  max f(x). (3)
F zeF F 2eFPInFD
x#0 x#0

Since k > 1then s=n—r+k >n—1r and
dim (]:,(f) N ]:,(f)) >s—(n—r),
and we can then replace max min with min max in the above proof of (i) and obtain

min max xr) = min max z)). 4
jmin o max f(@) =min max S (py (3) g
z#£0 40
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Equation (4) together with (3) completes the proof of (i4). O

Theorem 3 (Interlacing graph reduction theorem). Consider two graphs G, and G, of
order n and r respectively, with n > r, and let M(G) € R™™ be any real symmetric
matriz associated with the graph G. If there exists r-dimensional subspaces A, B C R"
such that Vz € R™\ {0},

R(M (gn) yPA (:L')) < R(M (gr) ; (E) )

and
R(M (Gn) ,p5 (z)) > R(M (), ),
then G, <y Gy,

Proof. In order for G, and G, to be M-interlacing (Definition 2) we must prove that
A (M (Gn)) < A (M (Gr)) < Ap—rgk (M (Gy)) for k € [1,7]. From the Courant—Fischer
theorem (Theorem 2) we have

M (M (Gp)) = max min  R(M(G,),x),

fén7k+1) $6F£n7k+1)
z#0

and from the min-max properties (Proposition 2) with 7 = A we have for k € 1,7,

Ak (M (Gn)) < S, xefrﬁg%‘*l)R (M (Gn),pa(z)).

z#0

Since R (M (Gn) ,pa (z)) < R(M (G,),x), therefore,

Ak (M (Gr)) < max min  R(M (G,),x)

- ]_.ykarl) IGJ_-T(‘T—IC+1)
x#0

= Ak (M (Gr))
and A\, (M (Gr)) < Ak (M (G,)) for k € [1,7]. In order to complete the interlacing proof

it is left to show that A\x (M (G;)) < An—rtk (M (Gy)) for k € [1,r]. From the Courant—
Fischer theorem (Theorem 2) we get

An—rtk (M (Gn)) = min max R (M (Gn),z),

]_-T(Ln—r«l»k) Ie]_—y(lnfr#»k)
x#0

and from the min-max properties (Proposition 2) with F{") = B we have
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A—rtk (M (Gr)) > min max R(M (G,),ps (x)).
FF e F®
x#0

Since R (M (Gn) ,ps (z)) > R(M (G;),x), therefore,

An—rtk (M (Gr)) > min max R (M (G,),x)

FP zeF®
z#0
= Ak (M (Gr))

and A\, (M (Gp)) < Ap—rik (M (G,)) for k € [1,7], completing the proof. O

In the next section we describe graph contractions as a constructive method for per-
forming graph reductions, and introduce a class of contractions that, based on Theorem 3,
will lead to efficient algorithms for finding interlacing graph reductions.

3. Graph contractions

Graph contractions are a graph reduction method based on partitions of the vertex
set. They are a useful algorithmic tool applied to a variety of graph-theoretical problems,
e.g., for obtaining the connected components [13] or finding all spanning trees of a graph
[14,15]. We now define several graph operations required for vertex partitions and graph
contractions and derive results that will allow us to relate graph contractions and graph
interlacing.

For an integer r satisfying 1 < r < n, an r-partition of a vertex set V of order n,
denoted m, (V), is a set of r cells {C;},_, such that C; N C; = 0 and U_,C; = V.
We denote the ith cell of a partition 7 as C; (7), and the cell neighborhood N¢, (G) is
defined as N¢, = {Uyec, Ny (G)}\Ci. For v = n, C; (m,) = i is the identity partition,
which contains n singletons (a cell with a single vertex). An atom partition m,—1 (V)
contains n — 2 singletons and a single 2-vertex cell. The set of all r-partitions of V
is denoted by TI, (V), and the set of all partitions of V is I1(V) £ Ur_,1I,. (V). For a
graph G = (V, ), we may denote 7, (V) and II,. (V) as 7, (G) and II, (G). For a graph
with n.. connected components, we define the connected components partition m.. (G) as
the partition 7. (G) = {C;}!'<{, such that G[C;] is the ith connected component of G.
Hereafter G = (V, ) is a simple connected graph of order n.

Definition 2 (partition function). For a graph G and r-partition = € II,. (G), the partition
function is a map f, : V(G) — [1,7] from each node in V to its cell index, i.e., fr (v) =
{i € [1,7]|C; () Nw # 0}. More generally, for a subset Vs C V(G) we have f, (Vs) =

{i € [1,r]|Ci (m) N Vs # 0}

The quotient of a graph G over a partition 7 € II,.(G), denoted by G/m, is the
multi-graph of order r with an edge {u,v} for each edge between nodes in C, ()
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(%1 V2 U1 V2

U3

V4

V4

(a) Full order graph G and  (b) The graph quotient (c) The graph contration
its vertex partition . G\7. G /) .

Fig. 1. Full order graph and its quotient and contraction over the vertex partition 7 = {{vi}, {va2},

{vs}, {va, vs}}.

and C, (r), ie., G/m = (L] 4G 1) with & = {fx (he (&) fx (te ()}, where
€; € £(G) and hg (¢),te(e) : £(G) = V(G) assign a head and a tail to the end-
nodes of each edge (thus, ¢ = (hg(e),te(€))). The graph contraction of G over = is
the simple graph denoted as G J/ m which is obtained from the quotient G/m by remov-
ing all self-loops and redundant duplicate edges. Equivalently, G / m = ([1,r],&,) with
& = {€ e [1,r)*|e € £(G/x), he (&) # te (€)} If 7 is an atom partition we call G / 7 an
atom contraction. For example, consider the partition of 7 = {{v1}, {va},{vs}, {vs,v5}},
for the graph G shown in Fig. 1. The quotient G/7 and contraction G // 7 of the graph
are shown in Fig. 1. Notice that this is an example of an atom partition and atom
contraction.

Node removal is the simplest graph-reduction method. However, in some cases the
same reduced graph can be obtained either from node-removal or from a graph contrac-
tion. We define here these contractions as node-removal equivalent contractions.

Definition 3 (node-removal equivalent contraction). For the graph G and its contraction
G /| w, we say that G J/ 7 is node-removal equivalent if there is a subset Vg C V (G) such
that G // ™= Q\VS

Cycles play an important role in the properties of graphs, and we define a cycle-
invariant graph contraction as a contraction that preserves the cycle structure of the full
graph.

Definition 4 (cycle-invariant contraction). Consider a graph G and its contraction G // ,
then we say that the contraction G J/ 7 is cycle-invariant if there is one-to-one mapping
between the set of simple cycles of the full-order graph and the set of simple cycles of
the contracted graph.
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U1

‘ ‘ V3 (%]

(a) Full order graph G and (b) Cycle invariant graph and node-
its  vertex  partition 7 = removal equivalent contraction G // 7.

{{v1,v2,v3}, {va}, {vs}}.

Fig. 2. Full order graph and its cycle-invariant and node-removal equivalent contraction.

For example, consider the partition 7 = {{v1,v2,v3},{va},{vs}} for the graph shown
in Fig. 2. The resulting contraction over the graph is cycle-invariant (Definition 4) with
the cycle vzvavsv3 of G mapped to the cycle vivavzvy of G J/ 7, and is also node-removal
equivalent (Definition 3) with Vs = {v1,v2}. Notice that if the edge {v1,v5} were added
in Fig. 2, the same contraction would not be a cycle-invariant contraction; however, it
would still be node-removal equivalent with Vg = {v1, va}.

Lemma 1 (subgraph contraction lemma). Consider a graph G and its subgraph Gr = G\Er
for Er CE(G). Then for any m € I1(G), Gr /T C G ) .

Proof. For any ¢ € £(Gg / m) we can find € € £(Ggr) such that € = {fr(he (¢)),
fr (te (€))}. Since € (Gr) C £(G), therefore € € £(G) and {fr(he (€)), fx (te (€))} €
E(G J m). We conclude that £(Ggr /7)) C E(G J/ 7), and since V (G J/ ©) = V(G J/ )
we obtain that Gg /7 C G J/m. O

Lemma 2. Consider a graph G and its contraction G || m for m € I1(G). Then Yu €
V(G),Vue V(G ) ), we have u € Ne, (G) if and only if fr (u) ~ .

Proof. If u € N, then Jv € Cy such that u ~ v with € = {u,v} € £(G), and therefore
{fe ), fr(0)} ={fr(uw),a} € E(G ) 7)and fr(u) ~ @ If fr (u) ~ @, then Jv € Cy
such that u ~ v and therefore v € Ng,. O

Lemma 3. If a graph G is connected then its graph contraction G |/ w is connected.

Proof. If G is connected then Vu,v € V, there is a path wujus...u,v. For any @,0 €
V(G /) m) we can find u,v € V such that fr (u) =@ and f, (v) = 0. If we then apply the
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partition function on the path wujus ... upv we obtain a walk (including self loops) in
G, ifn (u1) fr(u2) ... frx (up) 0, therefore, G J 7 is a connected graph. 0O

The following result relates the degree of a node in a contracted graph to its cell-
neighborhood.

Proposition 3 (degree-contraction). Consider a graph G and its contraction G J| 7 for

w €I1(G). ThenVo € V(G Jm), ds (G J ) = |f= N, (G))].

Proof. From Definition 2 we have fr (Nc, (G)) = {i € [1,7]|C; (1) NN, (G) # 0}, and
from Lemma 2 we obtain that Va,o € V(G J/ 7), 0 ~ @ if and only if @ € f, (N¢,) such
that fr (Ne,) = N5 (G J/ ), and therefore, d; (G J 7) = |f= (Ne,)|- D

3.1. Graph contraction posets

Partially-ordered sets (posets) are an essential set-theoretical concept. Chains are
totally-ordered subsets of the posets and are a useful tool for proving set-theoretical
results. Here we show how graph contractions fall under the definition of a poset and
will then establish contraction chains and their corresponding contraction sequences as
a basis for proving cases of graph matrices interlacing.

Two partitions m,,, 7., € II (V) may comply with a refinement relation.

Definition 5 (refinement). Consider two partitions =, , 7., € II(V) of a vertex set V
where 71 < ro < |V|. Then we say 7., is a refinement of w,., if Vj € {1,2,...,72} we can
findi € {1,2,...,7} such that C; (7,,) C C; (n,,), and we denote 7, < 7. lf 7, < 71y
and r; < rg we denote m,, < 7y,. An N-chain is a partition set x (V) = {mi}il CII(V)
such that m,, <mp, < ... <.

If two partitions =, 7, € II(V) comply with the refinement relation, we can
construct the coarsening partition ¢ (1,7, ) € II., (V) with C; (0 (7mpy, 7)) =
{ke{1,2,...,72}|Cy (7ry) € Cj (m,,)}. We can now define the coarsening sequence.

Definition 6 (coarsening sequence). Consider a vertex set V and its N-chain x(V) C
II(V). Then we define the coarsening sequence as A(x) = {51}11\:11 with &; £ 8(mp,,,, 7).

The refinement relation is reflexive, anti-symmetric and transitive, therefore, the set
of partitions together with the refinement relation, (I (V) , <), falls under the definition
of a finite partial-ordered set (poset). Let G = (V,&), we define the contraction set
G/ £ {G J n|x € L (V)}, and define the contraction binary relation G J/ 7, < G J/ m,, if
7, < Ty Since there is a one-to-one correspondence between (G // 11, <) and (I1 (V) , <),
the contraction set with the contraction binary relation, (G J/II, <), is also a poset,
and for each N-chain x C II(V) there is a corresponding contraction chain G [/ x =

G/}, €6 JIL
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For each coarsening sequence A (x) we can then define a corresponding contraction
sequence, a series of graphs where each graph in the series is a graph contraction of the
former graph over the coarsening partition in the coarsening sequence.

Definition 7 (contraction sequence). Consider a graph G and an N-chain x (V) CII (V (G))
with coarsening sequence A (x) = {5&?;1 Then we define the contraction sequence

GJA(x) = {gi}fv:?)l with G; =G;—1 [/ dn—i and Go =G [/ mpy.

N
=1

N

Proposition 4. Consider a graph G and its partition = € I1(G), and let x = {m,}
II(V) be a chain with m,, = 7 and corresponding contraction sequence G J| A(x) =

{gz}f\;gl Then QN_l = g // .

Proof. It is sufficient to prove for any two-chain 7 = m,, < 7., with A (x) =0 (7y, 70y ),
ie, G ) m=(G)n,) )0 (m,, 7 ), and extend by induction for N > 2. The order of
Go = G /| mp, is ro and from the coarsening sequence (Definition 6) we get that the order
of G1 = (G [ 7ry) /] 6 (mpy, ) is 71 = |m|, therefore, V (G1) = V(G J/ 7). Tt is left to
show that £ (G1) = E(G J/ 7). Let € € £(G /) m) then Je € & such that ¢ = f, (¢). Now
let €1 = fr,, (€) and €2 = fs (€1), from the coarsening sequence (Definition 6) we then
obtain that the end nodes of ¢, are the end nodes of €, therefore, £ (G1) =€ (G [ m). O

Corollary 1 (atom-contraction sequence). Consider a graph G and its partition w € I1,. (G)
for v < n. Then there exists a chain x (V) = {m., }/ " CTL(V,) such that G JJ A (x) =
{gi}?:‘g“ 18 an atom contraction sequence, i.e., 0 (7r”+1,7r”) 18 an atom-partition.

Proof. Choose m,, = 7 (V,), and then construct =, by extracting a singleton from a
non-singleton cell of . Continue to extract singleton cells until all cells are singletons,
ie, mpy = mp (Vn). The number of singleton extractions of non-singleton cells in an
r-partition is n — r, therefore, N =n —r+1. O

For example, consider the 2-chain x (V5) = {ma, 73} with

T2 (VB) = {1)1,1)2,’[}3},{’04,1)5} ) and 3 (VS) = {U1702},{U3},{U4,U5}
—_——— —— —_——— S —
C1 Co C1 Cy Cs

We have C; (73),C2 (m3) C C} (m2) and C5 (m3) € Cq (m2), therefore, m3 < my. We can
= § (w3, mo) with d (73, m2) = {{1,2}, {3} }.
——
C1 G

then construct the coarsening sequence A (x)

The resulting graph contraction sequence is presented in Fig. 3.
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Q
D
g Go=G /) ms G=6Gy/ o

Fig. 3. The graph contraction sequence leading to G J/ mwa: first the contraction Go = G J/ w3 is performed
followed by the contraction over the coarsing G1 = Go / § (73, w2).

3.2. Edge contractions

Graph contractions are defined over vertex partitions. However, there is also an edge-
based approach to perform graph contractions.

Definition 8 (edge contraction partition). Consider a graph G and an edge contraction
set E.s C E(G) with |Ec|] = n — r. Then we define the edge contraction partition
7e (G, Ecs) as the connected components partition of the graph G. (G, Ecs) = (V (9) ,Ecs)s
e, T (G,Ecs) = Tee (Ge (G, Ees)). The set of all edge contraction sets of cardinality p is
defined as Z, (G) £ {Es C E(G) | |Ees| = p}.

With the edge contraction partition definition we can define an edge-based graph
contraction.

Definition 9 (edge-based graph contraction). Consider a graph G and an edge contraction
set Ecs € En—r (G) for r < n. Then the edge-based contraction is defined as the contraction
over the edge contraction partition, i.e., G | Ecs =G J| T (G, Ees)-

In this work we find that a class of edge-matching contractions has interlacing prop-
erties.

Definition 10 (edge-matching contraction). Consider a graph G and an edge contraction
set Ees € Ep—r (G) for 7 < n. Then G J &5 is an edge-matching contraction if there is
one-to-one correspondence between & (G) \E.s and € (G // Ecs).

A graph contraction cannot create new edges, therefore, edge-matching (Definition 10)
is equivalent to |€ (G) \Ees| = 1€ (G /] Ecs)|-
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Proposition 5. Consider a graph G and an edge contraction set E.s € 25— (G). Then if
G /| Ecs is cycle-invariant (Definition /) it is also edge-matching (Definition 10).

Proof. If G J/ €. is cycle-invariant then from Definition 4 the edges in &.; are not part
of any cycle of G. Therefore, the contraction does not map any two edges in € (G) \E:s
to a single edge in € (G // E.s), otherwise they would have been part of a cycle with an
edge in &, and we obtain that |E (G) \Ees| = 1E(G [ Ecs)|- D

Proposition 6. Consider a graph G and a node v € V (G), and let m.. (G\v) be the con-
nected component partition of G\v, then for C; € w.. (G\v) and E.s = E (G [C; Uv]), the
contraction G || Ecs is node-removal equivalent (Definition 3) with Vg = C;, and is also
edge-matching (Definition 10).

Proof. Since C; is a connected component of G\E (G [NV, U v]) then v is the only node in
any path between C; and V (G) \ {C; U v}, therefore, by choosing Vs = C; the graph G\C;
removes all edges £ (G [C;]) and all edges connecting C; to V (G) \C; which are the edges
between C; and v and we obtain that G\C; = G J/ £ (G [C; Uv]), i.e., the contraction
G /| €5 is node-removal equivalent (Definition 3). Furthermore, contracting all edges
E (G [C; Uv]) does not effect any other edges in G such that |E (G) \Es| = |€ (G [/ Ecs)]
and we obtain that G // . is edge-matching. O

We can choose a subset of tree edges to create a tree-based contraction of a graph.

Definition 11 (tree-based contraction). Consider a graph G and its spanning tree T €
T (G) with an edge contraction set E.s € Z,,_- (T). Then G /J E.5 is a tree-based contrac-
tion.

For example, the graph contraction G J/ 7 presented in Fig. 2 can also be performed
as an edge-based contraction G ) &5 with s = {{v1,v3},{vs,v3}} and a tree-based
contraction (Definition 11).

If the contraction edge set is a subset of the edges of a spanning tree, then the
contracted tree edges will form a spanning tree of the contracted graph.

Proposition 7. Consider a graph G and its spanning tree T € T (G) with an edge con-
traction set Ecs € 2y (T). Then T [/ Ecs € T (G )] Ecs), i-e., T || Ecs is a tree of order
r of the contracted graph.

Proof. A tree of order n has n — 1 edges, and by contracting n — r tree edges we are
left with (n—1) — (n —r) edges, such that |E(T J/ &) = r — 1. Tt is left to show
that T ) Ecs (T) € G )/ Ees (T). From Lemma 3 we obtain that 7 // .5 is connected,
therefore, T/ E.s is a connected graph of order r with r — 1 edges, which is a tree
of order 7. Since €5 (T) C £(G) we have 7. (T,Es (T)) = 7. (G,Es (T)), and since
T = G\E(C) we obtain from the subgraph contraction lemma (Lemma 1) that 7 /
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Te (T Ees (T)) € G ) me (T,Ees (T)) and conclude that T ) Ecs (T) € G ) Ecs (T), and
therefore, T ) Ecs (T) € T(G ) Ees). DO

Proposition 8. Consider a graph G and an edge contraction set E.s € Zn—- (G). Then
Yo eV (G ) Ees)

di (G [/ Ecs) < ( > dv(g)) —2(|Cs (m)[ - 1), (5)
veCs ()

where T = 7. (G, Ees)-

Proof. From Proposition 3 we obtain that ds (G J/ m) = | fr (Nc,)|. We have | fr (N¢,)| <
[N, | and since Cy () € m. is a connected component of G we get

|N Cys

< ( T dv(g)) ~20£(G[Cs (M)

veCs ()

The number of edges in the cell |€ (G [Cy (7)])] is at least the number of spanning tree
edges, therefore, |€ (G [Cy (7)])| > |Cs (7)| — 1, and we obtain that

df) (g//gcs) S ( Z dv (g)) 72(|C'D (’/T)|71)7
)

veCH(m

completing the proof. O

Corollary 2. Consider a graph G and an edge contraction set E.s € Z,_, (G) for r < n.
Then if G )| Ecs is cycle-invariant (Definition 3) then Yo € V(G /] Ecs),

Ay (G ) €us) = ( S 4, (g)) —2(IC5 ()| - 1), (6)

vECH ()
where T = 7. (G, Ees)-

Proof. Since Vo € V(G J E.s) Cy (w) is a connected component of G, and G J & is
cycle-invariant then |fr (Mg, )| = |N¢,| and G [Cj (7)] is a tree of order |Cj ()|, such
that from Proposition 3 we obtain that

dﬂ (g//gcs) = ( Z dv (g)) 72(|Cﬁ (ﬂ-)| 71)' ]
)

veCH(m

Corollary 3. If a graph G is a tree then G || E.5 is edge-matching for any Ecs € Zn—r (G).
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Proof. If G is a tree then G J/ &.s is cycle-invariant for any &.s € =, (G) and from
Proposition 5 we obtain that G jJ .5 is edge-matching. O

Trees and cycle-completing edges are the building blocks of any connected graph, and
this tree and co-tree structure is described by the Tucker representation [16, p. 113].

Definition 12 (Tucker representation). Consider a graph G and its spanning tree T €
T (G) with co-tree C (T), with arbitrary head and tail assigned to the end-nodes of each
edge in € (G). For each edge ¢; € £(C) there is a path from head to tail in 7, and
we define a corresponding signed path vector t; € RIEMI [t,] = 1 if ¢ (T) (with
the assigned head and tail) is along the path, [t;], = —1 if ¢ (7) is opposite to the
path, and [t;], = O otherwise. The Tucker representation of the co-tree is then the
matrix T(7c) € RIEMIXIEC) where the jth column of Ti7 ) is the signed path vector
t; € RIE(TI of the corresponding edge ¢; € & (C).

Proposition 9. Consider a graph G and an edge contraction set E.s € E,_, (G) forr < n,
andletT € T (G). Then G )/ E.s is cycle-invariant (Definition /) if and only if E.s C E (T)
and the corresponding rows of Tir ) are all zeros.

Proof. If G J/ €. is cycle-invariant then from Definition 4 the edges in &.; are not part
of any cycle of G, therefore, E.; C £(T) for any T € T (G). If € € £(T) is not part
of any cycle in G then from the Tucker representation (Definition 12) we get that the
corresponding row of T(7 ¢) is all zeros.

If &, € £(T) and the corresponding rows of T(7 ) are all zeros, then the edges in
E.s are not part of any cycle in G, such that the tree-based contraction (Definition 11)
G /| Ecs is cycle-invariant. O

4. Interlacing graph contractions
The general interlacing graph reduction problem (Problem 1) becomes intractable
as the dimension increases. If we restrict the class of reduced-order graphs to graph

contractions then we get the following interlacing graph contraction problem.

Problem 2 (interlacing graph contraction). Consider a graph G and a real symmetric
graph matrix M (G) € R™*". Then given r < n find = € II, (G) such that G J © oxpr G.

The number of r-partitions is |IL,. (G)| = S (n,r) where

is the Stirling number of the second kind [11, p. 18], which for » < n is asymptotically
S(n,r) ~ TT—? If we restrict the problem to edge-based contractions then the number
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: - m
of partitions is the number of n — r edge contractions is |E,—. (G)| = ) where
n—r

m = |€(G)|. For large n, the asymptotic behavior of the binomial is exponential, e.g.

for central binomial coefficients 2: ~ \/4% [17], therefore, finding interlacing edge
contractions is numerically intractable by an exhaustive search. In the following section
we show how cycle-invariant and node-removal equivalent contractions have associated
subspaces required by Theorem 3 and lead to efficient algorithms for finding interlacing
graphs.

Consider a graph G = (V, &) of order n and an r-partition 7 € II,. (G) and consider
a subset Vs C V(G), |[Vs| = n —r for r < n. Then we define the following subspaces of
dimension r. The partition subspace F, C R™ is the space of all vectors in R™ such that

variables with indexes in the same partition cell are equal,
fﬂé{xeR"Mj:mk,Vj,keCi (m),Viell,r]}, (7)
and the corresponding partition linear mapping pr, () : R" — R",
[pr, (%))}, ={Z:|k € Ci (m)}. (8)

We define the anti-partition subspace Fr C R™ such that for z € F, the sum of all
vector variables in non-singleton partition cells is zero

(9)

~ Ly (Ci (1 Vie[l,r],|C; >1
fﬁé{xeR”wa(Ci(ﬂ))— utcm V€ 7] 1G] }

lCi(m) -1 VYje[2,]Ci(m)]]

and the corresponding anti-partition linear mapping, pz_ (Z) : R" = R™,

N Iy k=01 (Ci (7))
[pﬁr (x)]k = { i, k= Cz s (10)
e FEe (i), =
where v; (C; (m)) denotes the j’th node of the i’th partition cell.
The node-removal subspace, Fyg C R"™, is defined as
Frg é{xeR"\xi =0,i € Vs}, (11)

and the corresponding node-removal linear mapping PFyg (z) : R" —» R™,

[pr, )] = {”s bEvs (12)

0 omw.
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Proposition 10. Consider a graph G and an edge-matching and node-removal equivalent
contraction G || Ecs (Definitions 10 and 3) with E.s € Zn—r (G) for v < n. Then for
T € R" we have

R(L(9),pF, (7)) < R(L(G ] &), ),

and

R(L(9).pr, (8)) > R(L(G ] £s) ).

Proof. Let x = pr_(Z) for £ € R". The Rayleigh quotients of the Laplacian takes the
form [3]

(20 — xu)z
{u,v}€E(G)

>,

veV(G)

R(L(9),x) =

Separating the edges to &.; and E\E.s, the sum > (2 — aju)Q can be written
{u,v}€E(G)

Z (2o — 20)’ = Z (24 — 30)° + Z (24 — m0)°.

{u,v}€&(G) {u,v}€&(G)\Ecs {u,v}e€es

as

Therefore, if © € Fr and {u,v} € &5 then > (z, — xv)2 =0 and

{u,v}€€cs
Z (zy — xu)2 = Z (x4 — $U)2 )
{u,v}e€ {u,v}e€\Ees

Since G // &5 is edge-matching (Definition 10) there is one-to-one correspondence be-
tween & (G) \Ees and € (G /J Ecs) (Proposition 5), and substituting the partition mapping

r=pr, (7) (Eq. (8)) we get

Yo (mu—m)’= > (F — T2

{u,v}e\Ees {u,v}€&(G)Ecs)

Rearranging the sums > 2 over the vertices of each partition cell and substituting
veV
the partition mapping = pr,_ (%) (Eq. (8)) we get,

> oa=y Y

veV(G) i=1 veC;(m)

= Y B0,

ueV(G [ Ecs)
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The Rayleigh quotients of the Laplacian is then

~ ~ \2

{uv}e(G/E )(xu_xv)
- uv}e oo
R(L(G),pF, (%)) = uevg//gw)fi AR
and we have |C; (7)| > 1, therefore,

T — T)’

{u,v}eE(G)Ecs)

R(L(9),pr, (T)) <
u€EV(G ) Ees)

ZR(L(Q//ECS),.f).

If G /] &5 is node-removal equivalent (Definition 3) then by substituting the node-
removal mapping z = pr,_ (¥) (Eq. (8)) we get

Z (l'u - xv)z = Z (i'u - jv)2
{u,v}€E\Ees {u,v}e&(GJEcs)
and
PO DI
veV(G) ueV(G [ Ees)

and we obtain that

(Iv - xu)
{u,v}eE\Ees

R(L(9).px, (@) > -

veV(G)

2
Ty

{u,v}ef(g//fcs)

>, I

u€V(G /[ Ecs)
=R(L(G)E&s),2). O

Proposition 11. Consider a graph G and a cycle invariant contraction G || E.s (Defini-
tion 4) with Ecs € Zp—y (G) for r < n. Then for & € R" we have

and if G J| Ecs is a single edge contraction with E.s = .5 then

R (‘C (9) 'PE, (j)) 2 R(‘C (g//ECS) ,i‘) :
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Proof. The Rayleigh quotient of the normalized-Laplacian takes the form [3]

(ry — xu)2
R(£(0) ) = 5y (13)
veV(G) !

Since G J/ &5 is a cycle-invariant contraction it is edge-matching (Proposition 5) and
there is one-to-one correspondence between £ (G)\E.s and € (G J/ £.5) (Proposition 5),
and substituting the partition mapping = pr_ (%) for & € R" (Eq. (8)) we get as in
Eq. (4)

Z (2o — $U)2 = Z (Tu — xv)2

{u,v}€€(9) {u,v}€E\Ees

= ) (@u-i)

{u,v}€€E(G)Ecs)

Rearranging the sum Y. 2d, (G) over the vertices of each partition cell and sub-
veV(G)
stituting the partition mapping = = pr, (Z) (Eq. (8)) we get,

Z xidv(g)ZZ Z r2d, (G),

veV(G) i=1 veCy (m)
= 2 Al X 4
ueV(G /) Ecs) vEC, ()

The graph contraction G // £.s is cycle-invariant, therefore, from Proposition 2 we have

du (G ) Ecs) = ( > dy (g)> —2(|Cy (m)] = 1), and

vEC, ()

Yo wde (@)= Y #[du(G ) Ees) +2(Cu (n)] - 1)].

Uev(g) uev(g//'gcs)

The Rayleigh quotients of the normalized-Laplacian (Eq. (13)) is then

(T — &0)°
~ u,v Eg(g/ Scs)
R(L(G),pr, (7)) = fuv}es@)

> @2 [du(G ) Ees) +2(|Cu (m)| = D]
u€V(G /) Ees)
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We have |C; (m)| > 1 such that 2 (|C; (7)| — 1) > 0, therefore,

(ju - ‘%v)z

{u,v}€E(G/Ecs)

>, T (G [ Ees)

ueV(Q//Ecs)

‘R(’C(g)apf7r (j» < :R(’C(g//gcs)a‘%)

Let G J/ e.s be a cycle-invariant edge contraction with corresponding edge contraction
partition = € II,,_; (G). For an atom-contraction there is only one non-singlet cell, and
without loss of generality we can choose it to be C,,_1 () = {n — 1,n} such that the
contracted edge is €.s = {xn—1,2,}, and

(T — xv)2 + (Tp—1 — xn)g
{u,v}e€&\Ecs

R(L(9),2) = = -
> whdy (G) + 25 _1dn—1(G) + 2%dn (G)
v=1

For this atom-contraction, we have the anti-partition space Fj =
{r eR"|zp1 = —x,} (Eq. (9)) and anti-partition mapping pz (Z) : R"™! — R" is
(Eq. (10))

such that

(F — Fy)* + 432,
{u,v}€E\Ees

5 520,(6) 4 4 (o1 6+ (6))

There is one-to-one correspondence between € (G) \e.s and € (G // e.5) (Proposition 5),

therefore, > (T — Fy)° = > (#4 — #,)°, and from Proposition 2 we
{u,v}EE\Ees {u,v}e€(G/ecs)
get

dv (g // ecs)

such that

(F — &) + 432,

- {u,v}€E(G Jecs)
R(£@) pr @) = =5 G e 722,
vEV(G Jecs)
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472

n—1
(Fu—70)°

1+ 5
=R (ﬁ (g // 5(:5) ’j) {u,v}€E(G)ecs)

1 + 2i?1—1
)Y 22dy (G /ccs)

veEV(G/ecs)

For any G we have R (L (G),z) < 2 [18], therefore,

(Fu—0)" <2 Y #2dy (G [ ecs)

{u,v}€€(G/ecs) vEV(G [ecs)
and

~2
4Z5,
(Bu—70)?

1+ )
{uv}eE(G/ccs) >1

=2 5
227

Lt ——~—%a w0

vEV(G/ecs)

and we obtain that R (L (G),pz_ (&) > R(L(G [/ €cs) , &) for any cycle invariant single
edge contraction. O

The only graph contraction interlacing result known to the authors has been presented
by Chen et al. [3]:

Theorem 4 (normalized-Laplacian interlacing disjoint neighborhood contraction). Con-
sider a graph G and two vertices u,v € V (G) with corresponding partition m € IL,,_1 (G)
with only one non-singlet cell Cp_1 (1) = {u,v}. Then if u,v have disjoint neighbor-
hoods, i.e., Ny (G) N {N, (G) Uv} = @, the atom contraction is normalized-Laplacian
interlacing, i.e., G Jmoxc G.

Proof. The proof is given in [3] and is based on a sequence of min-max inequali-
ties and the Courant—Fischer theorem (Theorem 2). In the perspective of this work,
Theorem 4 can be proven based on Theorem 3 as follows: Let G / m be an atom con-
traction with C,—1 (7) = {u,v} and N, (G) N {N, (G)Uv} = @&. We notice that if
N, (G) NN, (G)Uv} = @ then G J/ 7 is edge-matching (Definition 10). Similar to
Proposition 11 it can then be shown that R(L(G),pr, (z)) < R(L(G ) m),x) and
R(L(G).pz (£)) > R(L(G [ ),x), therefore, from Theorem 3 with A = F, and

B = F, we then get that G /7 <z G. O

In this study, based on Theorem 3, we derive two interlacing theorems, Laplacian
interlacing for node-removal equivalent edge-matching contractions (Theorem 5) and
normalized Laplacian interlacing for cycle-invariant contractions (Theorem 6).

Theorem 5 (Laplacian interlacing node-removal equivalent contraction). Consider a
graph G and an edge contraction set Ecs € Zp—_yr (G) forr < n. If G Ecs is edge-matching
(Definition 10) and node-removal equivalent (Definition 3) then G [/ Eqs xr G.
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Proof. The contraction G J & is edge-matching and node-removal equivalent such
that from Proposition 10 we have R (L (G),pr, (x)) < R(L(G /) &), ) and R(L(G),
prv, () = R(L(G | &) , ). Therefore, from Theorem 3 with A = F and B = Fy we
then get that G / .5 <, G. O

Theorem 6 (normalized-Laplacian interlacing cycle-invariant contraction). Consider a
graph G and an edge contraction set E. € Zp_p (G) for r < m. Then if G || Es is
cycle-invariant (Definition 3), G || Ecs Xz G.

Proof. The graph contraction can be performed by a sequence of atom-contractions
(Corollary 1), therefore, it is sufficient to show that the interlacing property holds for
a single edge-contraction, i.e., G / e.s &<z G where €. is a single contracted edge. The
interlacing of the sequence will then follow from Proposition 1. Let G // .5 be a cycle-
invariant edge contraction with corresponding edge contraction partition 7w € II,,_1 (G).
Without loss of generality we can label the vertices such that the contracted edge
is €05 = {Zn_1,2n}, and the anti-partition space is Fr (Z) = {z € R" |x,_1 = —x,,}
(Eq. (4)). From Proposition 11 we have R(L(G),pr, (z)) < R(L(G /) €s),x) and
R(L(G),pz, () > R(L(G [ €cs),x), therefore, from Theorem 3 with A = F, and
B = F, we then get that G // e.s o< G. By performing the contraction sequence (Propo-
sition 1) we get G J Ees x2 G. O

~— —

Corollary 4. Consider a tree T = (V,E) of order n, and its contraction T [/ Ecs for any
Ees €2y (T). Then T | Ecs <2 T.

Proof. The contraction T J/ & is cycle-invariant for any E.s € =, (T) , therefore, from
Theorem 6 we obtain that 7 // Ees o<z T. O

Theorem 5 and Theorem 6 allow us to try and solve the interlacing graph contraction
problem (Problem 2) for normalized Laplacian and Laplacian interlacing by finding a
cycle-invariant contraction (Problem 3) or a node-removal equivalent and edge matching
contraction (Problem 4) respectively.

Problem 3 (cycle-invariant contraction). For a graph G and a given reduction order
r<mn, find £, € Z,_, (G) such that G J/ & is cycle-invariant (Definition 4).

Problem 4 (node-removal equivalent contraction). For a graph G and a given reduction
order r < n, find . € E,_, (G) such that G /J £.s is node-removal equivalent (Defini-
tion 3) and edge-matching (Definition 10).

From Proposition 9, we can obtain a cycle-invariant contraction, if exists, from
the zero rows of the Tucker representation. A Tucker representation T{7 ) can be
calculated by finding a spanning tree 7 € T (G) and then finding the path in 7 be-
tween the end-nodes of each edge of C (7)) as described in Algorithm 1. Each path



312 N. Leiter, D. Zelazo / Linear Algebra and its Applications 612 (2021) 289-317

Algorithm 1 Cycle-invariant contraction algorithm.

Input: graph G of order n, required reduction order r

1. Find a spanning tree 7 € T (G) and the co-tree C (7).
2. Calculate the tucker representation Ty ¢y (Definition 12).
3. Choose n — r cycle-invariant edges from the zero rows of T(7 ¢y and obtain E.s.

Output: G- = G // Ecs

Algorithm 2 Node-removal equivalent contraction algorithm.

Input: graph G of order n, required reduction order r

1. For v € V (G): Calculate 7. (G\v), the connected components partition of G\v.
2. Choose a subset of cells S C {me. (G\v)},_; with a total number of n — r unique nodes.
3. Construct £.; = Ug,es€ (G [Cy, U v)).

Output: G, = G // Ees

finding operation, e.g., with a depth-first search, is of complexity O (n), and since
O (I€(C)]) = O(|€(G)]) the overall complexity of constructing T ¢y is O (mn), where
m = |E(G)|. Therefore, the cycle-invariant contraction algorithm (Algorithm 1) is of
complexity O (mn).

From Proposition 6, we can obtain a node-removal equivalent and edge matching

contraction, if exists, by first finding for all vertices of G the connected components par-
n
v=1

tition 7. (G\v) and then constructing &.5 by choosing from all partitions {m.. (G\v)}
a subset of cells with a total number of n — r unique nodes (Algorithm 3). Each
connected component finding operation, e.g., with a depth-first search, is of com-
plexity O (n+m), and repeated n times, the overall complexity of the algorithm is
O (n? 4+ nm).

The feasibility of the cycle-invariant and node-removal equivalent problems requires
further study.

5. Case studies

As a small-scale normalized Laplacian interlacing example, we consider a graph of
order 6 presented in Fig. 4, and we require the reduced graph to be of order » = 4. A
cycle-invariant graph contraction is then performed with two edges (Fig. 4). The resulting
reduced graph (Fig. 4) has normalized-Laplacian spectra {\, (£ (G,))};_, given in Fig. 5
with the upper and lower interlacing bounds A (£ (G)) and A1k (£(G)). Since G J/ Ecs
is cycle-invariant, then as according to Theorem 6, we get G J E.s &< G and the reduced-
order spectra is within the interlacing bounds (Fig. 5).

As a small-scale Laplacian interlacing example, we consider a graph of order 6 pre-
sented in Fig. 6 and require the reduction to be of order r» = 4. For this case the only
node-removal equivalent and edge-matching contraction is with the three edges shown
in Fig. 6. The resulting reduced graph (Fig. 6) has Laplacian spectra given in Fig. 7
with the interlacing bounds A, (L (G)) and Ap—r4x (L (G)). Since G J/ €. is node-removal
equivalent and edge-matching, then as according to Theorem 5 we get G // E.s o<z, G and
the reduced-order Laplacian spectra is within the interlacing bounds (Fig. 7). Notice
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Full-order graph Reduced-order graph
(n=6) (r=4)

Fig. 4. Small scale normalized-Laplacian interlacing graph contraction (contracted edges dashed-red). (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 5. Reduced-order normalized-Laplacian spectra (stared-red) and interlacing bounds (circled-blue).

Full-order graph Reduced-order graph
(n =6 (r=ay

Fig. 6. Small scale Laplacian interlacing graph contraction (contracted edges dashed-red).
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Fig. 7. Reduced-order Laplacian spectra (stared-red) and interlacing bounds (circled-blue).
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Fig. 8. Reduced-order normalized-Laplacian spectra (stared-red) and interlacing bounds (circled-blue).

that for this case there is no cycle-invariant contraction, and for the same choice of &
(Fig. 6) the reduced-order normalized-Laplacian does not interlace with the full-order
normalized-Laplacian as Mg (£ (G,)) > X6 (£ (G)) (Fig. 8).

As a larger and more complicated example, a random tree of order 50 is created and
10 cycle-completing edges are randomly added to it resulting in a graph of order 50
with 59 edges (Fig. 9). The required reduction order is r = 30. Using the cycle-invariant
contraction algorithm (Algorithm 1) an edge-contraction set £.; with n — r = 20 edges
is chosen from the edges of G (Fig. 9), and the graph contraction is performed. As
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Full-order graph Reduced-order graph
(n =50) (r = 30)
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Fig. 9. Large scale normalized-Laplacian interlacing graph contraction (contracted edges dashed-red).

O

Fig. 10. Reduced-order normalized-Laplacian spectra (stared-red) and interlacing bounds (circled-blue).

according to Theorem 6, the resulting reduced-order graph G, = G J &, is normalized-
Laplacian interlacing with G and the reduced spectra is within the interlacing bounds
(Fig. 10).

Using the node-removal equivalent contraction algorithm (Algorithm 2) a different
edge-contraction set .5 with n —r = 20 edges is chosen from the edges of G (Fig. 11),
and the graph contraction is performed. As according to Theorem 5, the resulting reduced
order graph G, = G J/E.s (Fig. 11) is Laplacian interlacing with G and the reduced spectra
is within the interlacing bounds (Fig. 12).
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Full-order graph Reduced-order graph
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Fig. 12. Reduced-order Laplacian spectra (stared-red) and interlacing bounds (circled-blue).
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